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Abstract 

We consider a rotating iV-centre problem, with N > 3 and homogeneous potentials of degree 
—a < 0, a £ [1,2). We prove the existence of infinitely many collision-free periodic solutions 
with negative and small Jacobi constant and small values of the angular velocity, for any initial 
configuration of the centres. We will introduce a Maupertuis' type variational principle in order to 
apply the broken geodesies technique developed in [11]. Major difficulties arise from the fact that, 
contrary to the classical Jacobi length, the related functional does not come from a Riemaniann 
structure but from a Finslerian one. Our existence result allows us to characterize the associated 
dynamical system with a symbolic dynamics, where the symbols are given partitions of the centres 
in two non-empty sets. 
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1 Introduction and main results 

In the classical TV-centre problem it is investigated the motion of a test particle of null mass under 
the gravitational force fields of N fixed heavy bodies (the centres): if c& and denote respectively 
the position and the mass of the fc-th centre, the motion equation is 

where x = x(t) £ K 2 denotes the position of the particle at time i £ R; basic references for such a 
problem are [3, 4, 6, 7, 8, 9, 11] and the references therein. In this paper we consider a-gravitational 
potentials of type 

N 

V(x) = J2 ■ "* ■„ «e[l,2). 

a\x-ck\ a 



(1) 



Of course, for a = 1 we get the classical Newtonian potential; moreover, we assume that the centres are 
not fixed, but rotate according to the law := exp \ivt\ck- Under this assumption, the equation 
for the motion of the test particle is 

x(t) = - V , . . m \ r— (x(t) - e lvt c k ) . (2) 

We will refer to the research of solutions to this equation as to the rotating N -centre problem (briefly, 
the rotating problem). It is convenient to introduce a different frame of reference for x, taking into 
account the rotation of the centres: setting x(t) = exp {ivt}z(t), equation (2) becomes 

Af 

z(t) + 2viz{t) = v 2 z(t) - \ z{t) ^^+2 ( Z W - c *) • ( 3 ) 

We introduce &v(z) := v 2 \z\ 2 /2 + V(z), so that (3) can be written as 

z{t) + 2viz(t) = V$„(z(t)). 

Since the terms in z and i are multiplied by powers of v, the idea is that if \v\ is sufficiently small, 
then equation (3) can be regarded as a perturbation of the planar iV-centre problem, which we dealt 
with in [11]. Note that, contrary to (1), equation (3) is not a conservative system; however, it is 
possible to find a first integral defining 

J v {z,z) := i|i| 2 - 

The value h = J u (z(t), z(t)), which is the same for every t G is called the Jacobi constant, in analogy 
with the same integral of the circular restricted (N + l)-body problem (see the discussion below for 
the relationship between the rotating problem and the restricted one). Note the similarity between 
J v and the usual energy function H(z, z) = \z\ 2 /2 — V(z): it results H — J . 

In this paper we generalize the approach already developed in [11], proving the existence of infinitely 
many collision-free periodic solutions of equation (3) with negative and small (in absolute value) Jacobi 
constant, provided the angular velocity \v\ is sufficiently small. As a consequence, for those values of 
h and v we can characterize the dynamical system induced by (3) on the level set 

U h , u := {(z,v) G R 4 : J v (z,v) = h} 

with a symbolic dynamics, where the symbols are some selected partitions of the centres in two different 
non-empty sets. Coming back to equation (2), this means that for h < and \h\, \v\ sufficiently 
small we have infinitely many collision-free relative periodic solutions (i.e. periodic in the rotating 
frame of reference) of the rotating problem; this existence result allows to prove the occurrence of 
symbolic dynamics in a proper submanifold of the phase space (which correspond to Uh.v through the 
transformation x z). 

Motivations. The TV-centre problem can be considered as a simplified version of the (N + l)-body 
problem, when one of the bodies is much faster then the others. Therefore, in order to understand 
if the broken geodesies technique we introduced in [11] can be somehow extended to find solutions 
of the (N + l)-body problem, it seems reasonable to start considering an "easy test motion" for 
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the centres, such as the uniformly circular one. This is strictly related to the study of the circular 
restricted (A+l)-body problem, which we briefly recall; assigned A positive masses m\ , . . . , m^r, let us 
consider any planar central configuration (ci, . . . ,cj\r) of the A-body problem. A relative equilibrium 
of the A-body problem is a motion of type := exp {ivt]ck (k = 1, . . . , A), with v E R, i.e. an 
equilibrium point in a rotating frame of reference with angular velocity v. The restricted problem 
consists in studying the motion of a test particle of null mass under the gravitational force field of A 
bodies (the primaries) which move according to a motion of relative equilibrium. This leads to the 
search of solutions to (3), but now v cannot be considered as a free parameter: indeed, each central 
configuration determines the unique admissible value of v through the relation 

• ? = my " here u(c) - £ vrty m - 5 £ |c *' 2 - w 

v ; l<j<k<N 13 1 k=l 

see Meyer [10]. In particular, letting v to tend to 0, the relation (4) implies that either mj. — > for 
every k or |cfc| — » for every fc; as a consequence, the equation of the restricted problem in the limit 
case v — > tends to z = 0, which has no relation with the A-centre problem or the A-body problem. 
As a toy model towards the real restricted (N + l)-body problem, we introduce the rotating A-centre 
problem; we point out that the motivation for its study is prevalently mathematical: our goal is to 
understand if the techniques introduced in [11] are sufficiently robust to survive when we perturb the 
A-centre problem by letting the centres move; the answer is yes, but, as we will see, the extension of 
our broken geodesies method is not trivial and requires new ideas. Therefore, the generalization to 
the real restricted problem seems possible, but extremely complicated. 



1.1 Periodic solutions 

Let V be the set of the possible partitions of the centers in two different non-empty sets. There are 
exactly 2 N ^ 1 — 1 such partitions, and to each of them we associate a label: 

V={P j :j = l,...,2 N - 1 -l}. 

We give particular labels to those partitions which isolates one centre with respect to the others: 

Pj :={{c,},{ Cl ,..., Cw }\{c,}} i = l,...,A. 

The collection of these labels is the subset 



V 1 :={P 3 EV:j = l,...,N}cV. (5) 
We define the right shift T r : V n -> V n as 

-^r((-fji i Pjai ■ ■ ■ t Pjn)) = [Pjn.1 Pjn ■ ■ ■ i Pjn-l)' 

and we say that (Pj 1 , . . . , Pj n ) € V n is equivalent to (P^ , . . . , Pj ) G V n if there exists m £ N such 
that 

(p; 1 ,...,p;j = T™((p jl ,...,p j j). 

To describe the first main result which we are going to prove, let us look at Theorem 1.1 of [11]; 
therein we proved the existence of h < such that for any h € (h,0) we can associate to any finite 
sequence of partition (Pj 11 ■ ■ ■ ,Pj n ) G V n a periodic solution x^p } ^ u),h) °f the A-centre problem 
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(1) with energy h. Under particular assumptions on (Pj x , • ■ • , Pj n ), assumptions which are specified 
in points (ii)-b) or (m)-c) of the quoted statement, we have to allow collision solutions, but it is always 
possible (for every N > 3) to build infinitely many collision-free solutions. We would like to repeat 
the game associating to a finite sequence of partitions, for sufficiently small values of the absolute 
value of the Jacobi constant \h\ and of the angular velocity \v\, a periodic solution of equation (3). In 
this paper we will put some restrictions on the sequences of partitions which we want to consider; this 
is motivated by the fact that the rotation of the centres makes impossible the use of some techniques 
employed in the study of the behaviour of collision-solutions. In this sense we observed in [11] that 
the study of the collisions requires a distinction among 

1) a = 1 and N > 4, 2) a = 1 and N = 3, 3) a G (1, 2). 

We start from the first case. 

Theorem 1.1. Let a = 1, N > 4, c\, . . . , cjv € K 2 , mi, . . . , € M. + . There exists h\ such that, 
given h G (hi, 0), there is v-± = v\(Ji) > such that to each v G (—Vi, n G N and (Pj 1 , . . . , Pj n ) G 
(V\Vi) n we can associate a collision-free periodic solution z^p.^^ ^p.^ ^^ of 

(z{t) + 2uiz(t)=V^ u (z(t)) 

\\\m\ 2 -^(m) = K 

which depends on (P,j 1 , . . . , Pj n ) in the following way. There exist R, S > (depending on h only) such 
that Z((p^ ,...,Pj n ),h,v) crosses 2n times within one period the circle dBp(0), at times (tk)k=o,...,2n-i, 
and 

• in (t2k,t2k+i) the solution stays outside -Br(O) and 

\z{(P ]1 ^...,P jn ),h,u){hk) ~ Z({P H ,...,P jn ),h,v){t2k+l)\ < S. 

• in (t2k+i, t2k+2) the solution lies inside Bp(0) and separates the centres according to the partition 

Note the analogy with Theorem 1.1 of [11]: if a = 1 and N > 4 we can easily find a condition on 
(Pj t , ■ ■ ■ , Pj n ) in order to ensure that the periodic solution z^p.^^ p.^ h,o) of the TV-centre problem 

fz(t) = W(z(t)) 

\\\m\ 2 -v{z(t)) = h 

is collision-free; it is sufficient to impose that Pj h G (V \ V\) for every k. If N = 3 then V = Vi, so 
that if in addition a = 1 we have to use a little trick: let 

(Pi,Pi,P2, P3) = G\, (P2, P2, P3, Pi) = G2, 

and let Q := {G\, G2}. We will observe (Remark 13 below) that no composed sequence obtained by the 
juxtaposition of G\ and G2 satisfies the symmetry conditions of cases (ii)-b) or (ii)-c) of Theorem 1.1 
in [11]; this implies that a solution of the iV-centre problem associated to (P/^ , . . . , Pk in ) G G n C V An 
is collision-free. Coming back to the rotating problem, it results 

Theorem 1.2. Replacing the assumption N > 4 in Theorem 1.1 with N = 3, the same statement 
holds true replacing (V \ V\) n with Q n . 
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If a 7^ 1 this is not necessary, since in such a case Z((p jl .... ! p j7i )./ ! , ! o) was proved to be always collision- 
free. 

Theorem 1.3. Replacing the assumptions a — 1 and N > 4 wii/i a € (1, 2) and iV > 3, the previous 
statement holds true, replacing the set V \ V\ with V . 

Remark 1. The assumption "\h\ is sufficiently small" is substantial, as we can immediately realize 
observing that if z is a solution of (6), then the curve parametrized by z in the configuration space has 
to be confined in {$„(z) > —h}. If h < becomes large in absolute value, we obtain a disconnected 
set, so that to find solutions exhibiting the behavior described in the previous statements becomes 
impossible. 



1.2 Symbolic dynamics 

Similarly to Corollary 1.3 of [11], as a consequence of Theorem 1.1, 1.2, 1.3, we obtain the following 
result. 

Corollary 1.4. Let a e [1, 2), N > 3, mi, . . . ,m N e R+ and a, . . . , c N e M 2 ■ Let h e (hi,Q) and 
v G (— Dx{h), Pi(h)), where hi and V\(h) have been introduced in Theorem 1.1, 1.2, 1.3. There exists 
a subset Iih,v of the level setUh,u, a return map 91 : !!/,,„ — > Ilft^ for the dynamical system associated 
to equation (3), a set of symbols V and a continuous and surjective map ir : ILh,v V z ', such that the 
diagram 



commutes (here T r demotes the right shift in V 1 ); namely for every h £ (hi, 0) and v £ (— V\(K), Di(h)), 
the restriction of the dynamical system associated to the rotating problem on the level set Uh.v has a 
symbolic dynamics. 



1.3 Plan of the paper 

We follow here the same general strategy already developed for proving Theorem 1.1 of [11]. In Section 
2 we will perform a suitable rescaling in order to pass from problem (6) to an equivalent problem where 
the parameter Jacobi constant will be replaced by the parameter given by the maximal distance of 
the centres from the origin. This leads to the study of a rotating problem with a rescaled potential 

N 

V e (y) = > -, 7i— where max |cl|=e, (7) 

-i \ y ~ c k\ a i<fc<jv' 

and a different angular velocity v'; we will be interested in solutions with Jacobi constant equal to — 1. 
In this way, outside a ball or radius R > e > 0, and for \v'\ sufficiently small, the equivalent problem 



'y(t) + 2v'iy(t) - V (^M 2 + VM) 

hW)\ 2 - ^\v(f)\ 3 - W)) = -i 



(8) 
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is a small perturbation of the Kepler's problem with homogeneity degree —a < 0, a £ [1,2). This 
is why we will face the research of periodic solutions of (8) splitting the study of the dynamics 
outside/inside a ball -Br(O) (R will be conveniently chosen). As in [11], outside -Br(O) we will find 
arcs of solutions of (8) connecting two points Po,Pi G 8Br(Q), provided their distance is sufficiently 
small, via perturbative techniques. With respect to [11], we have to take into account the new 
parameter z/, but the argument is substantially the same. 

In section 4 we study the problem inside Br(0), trying again to follow the line of reasoning of [11]; 
we will search minimizers of the Jacobi type functional 



under suitable constraints, in order to connect any pair pi,p2 € &Br(Q) with arcs of solution of (8) 
which separate the centres according to any prescribed partition in V . The functional Lh tV% contrary 
to the classical Jacobi length, does not come from a Riemaniann structure but from a Finslerian one. 
A main consequence is the lack of reversibility of the problem, and this marks a significant difference 
in the argument to rule out the possibility of having collisions for its minimizers. The alternative 
"collision less" or "ejection-collision", valid for the A-centre problem, does not holds anymore. This 
is why we will need an "ad hoc" argument, which will be exposed in sections 6 and 7. 
The collection of the outer and inner dynamics will be the object of section 5. Assigned a sequence 
(Pj 1 , . . . , Pj n ) G V n and e and v' sufficiently small, the aim will be the construction of a weak periodic 
solution J/((p 3 - ,...,p- n ),ey) of the restricted problem crossing 2n times within one period the circle 
8Br(0), at times (*k)k=o,...,2n-i, and 

• in (t2k,t2k+i) the solution stays outside -Br(O) and 



• in (t2fc+i, t2k+2) the solution lies inside Br(0) and parametrizes an inner local minimizer of the 
functional L-\y which, up to collisions, separates the centres according to the partition Pj k . 

This will be achieved glueing the fixed ends trajectories found in sections 3 and 4, alternating outer 
and inner arcs. In order to obtain smooth junctions, we are going to use the variational argument 
already carried on in [11] with success. 

Finally, in sections 6 and 7, we will complete the proof of Theorems 1.1, 1.2 and 1.3, providing 
sufficient conditions on the sequences (Pj ± , ■ ■ . ,Pj n ) in order to have collision-free solutions; this will 
be done through a kind of Gamma- convergence argument: we will see that the minimizers of L—\y 
are weakly convergent in H 1 , as v' — > 0, to the minimizers of L-i,o, which is the classical Jacobi 
functional. Therefore we will exploit the description of the behaviour of such minimizers given in [11]. 

2 Preliminaries 

Let us fix N > 3, a G [1, 2), c%, . . . , cjv € K 2 and mi, . . . , tojv > 0, and let M = X^fcLi m k\ we fix the 
origin in the centre of mass. In this section we prove that to find a periodic solution of the rotating 
problem (3) with Jacobi constant h < is equivalent to find a periodic solution of a different rotating 
problem with Jacobi constant equal to — 1. In this perspective the maximal distance of the centres 
from the origin replaces h as parameter, and the angular velocity changes as well. To be precise one 
can easily prove: 




\V((P jl ,...,P jn ),e,u)(hk) - y((P jl ,...,P jn ),e,v)(hk+l)\ < 5. 
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Proposition 2.1. Let z 6 C 2 ((a, &);R 2 ) be a classical solution of (3) with Jacobi constant h < 0. 
Then the function 

y(t) = (-h)i z [(-hy 2 ^ t) , te ((-/i)^0,(-/i)^6) (9) 

is a solution of a rotating problem with 

c'j = (-h)» cj, j = l,...,N and v' = (-h)~^ v; (10) 

the Jacobi constant of y as solution of the new problem is —1. Conversely: let y € C 2 ((a', b 1 ) , R 2 ) 
be a classical solution with Jacobi constant — 1 of a rotating problem with initial configuration of the 
centres {c'j} and angular velocity v 1 . Let us set 

cj = (—h) a Cj, j — 1, . . . ,N and v = (—hj 2a v . 

Then 

z(t) = (~h)-i y ({-h)^ t), te ((-/i)"^ a', (-h)-^ b') 
is a classical solution of (3) with Jacobi constant h < 0. 

Corollary 2.2. For every e > and for every v £ K there exist Ci(e) and ^{s,^) £ R suc/i t/iat i/ 
/i = Ci( £ ) an d v = C2(e,^') i/ien 

max IcJ = e, i/ = v. 

l<k<N K 

The function Q\ is strictly decreasing in e, the function C2 is strictly increasing both in e and v. 

Remark 2. Problem (8) for (e, v') e (0,e) x (— P',D') is equivalent, through Proposition 2.1 and 
Corollary 2.2, to equation (3) associated with Jacobi constant h < and angular velocity v for 
(h,v) £ (— Ci(e),0) x (— ^(s, v), C2(e, v)). Two corresponding solutions exhibit the same topological 
behaviour, as showed by equation (9). Note that more the Jacobi constant is small, more the admissible 
angular velocities have to be small. 

Let us fix e > 0, v' € R, and K := Br 2 (0) \ Br x (0), with R2 > R\ > e. In K we can consider the 
new problem as a small perturbation of the a-Kepler's problem, whose potential is 

M 

a\y\ a 

Indeed, setting 

«V, e (y) := { Xf\y\ 2 + V £ (y), 

(V E has been already defined in (7)), it is not difficult to check that 

||^',e - Fo|| c i (K ) =o{e)+o{v') for e -> 0+, v' -> 0. (11) 

Let us observe that if y is a solution of y + 2v'iy = V3V )e (y) with Jacobi constant —1 over an 
interval I C R, then 

To exploit the perturbative nature of the problem outside a ball Br(0), we have to check that, for 
e > sufficiently small and for v' in a neighbourhood of 0, there exists R > such that 

B s (0) C B H (0) C {y € K 2 : $„/, e (y) > l} . (12) 

Then, considering any compact set Br(0) C K C {$„' E (y) > 1}, we will be able to use (11) in 
K\B R (0). 
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Proposition 2.3. Let e > 0, v' el. Let R > such that e < R < (|f) 1/Q - e. Then (12) holds 
true. There exists £\ > such that, for every < e < £\, this choice is possible. 

Actually, we will make the further request e < R/2 < R < (77) ^ Q — £■ which is satisfied for every 
£ G (0, £i/2). As in [11], we select R so that 9-Br(0) is the image of the circular solution of the 
a-Kepler's problem with energy — 1: 

This is consistent with the previous restriction on R, if e\ is sufficiently small (if this was not true, it 
is sufficient to replace £\ with a smaller quantity). 



Remark 3. For future convenience, note that for every y G 5r(0) 

M M 
V e (y)-1>— j r«-l>^ 1 — -l=:A/i>0, (14) 

(2-oQMV , _\ „, I ( (2-q)M 



2a J ' "J a \ y 2a ' ~ 1 

and hence 3v, e (j/) — 1 > Mi. This value is independent on e G (0,£i/2). From now on we will use 
Mi to denote this positive constant. 

3 Outer dynamics 

We are going to use a perturbative approach in order to find solutions of 

{ y{t) + 2v'iy{t) = V*„, e (i/(t)) t G [0, T] 

(15) 



\\m?-^^Ay(t)) = -i te[o,T] 
\y(t)\>R te(o,T) 
,2/(0) =2?o y(T)=pi 



when the distance between poj.Pi G dBn(0) is sufficiently small; T has to be determined. To be precise 
we will prove the following Proposition. 

Proposition 3.1. There exist S > 0, £2 > and u[ > suc/i </ia< /or every (e, 2/) G (0, £2) x (— v[, 

for every po,pi G dBn(0) : \p\— po\ < 26, there exist a unique solution y ex t(- ;po,pi;£,v') of (15) with 
T = T ex t{po,p\] £, v') > 0. This solution depends in a C 1 way on the endpoints pq and p\, and 



/M n ( M 

max \y ext (t;po,pi;e : i> ) \< 2 — 

te[0,T eIt (p ,Pi;e^')] \ a 



max |y e o;t(t;Po,Pi;£,^')| < 2*/2 ( -1 



(16) 



/or every (p ,Pi) G {(p ,Pl) G {dB R (0)) 2 : |p — Pi I < 26}, £ G (0,£ 2 ) and v' G (-^X)- 

We will follow the same line of reasoning of the proof of Theorem 3.1 of [11], with the only difference 
that here we add the parameter v' . For the reader's convenience, we will review the main steps. For 
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every p = Rexp{ido} € dBn(0), the unperturbed problem (e = and v' = 0) is 

y(t 

\y(t)\ 



m=-MrA* te[0,T] 



\y(t)\>R te(0,T) 

v(Q)=Po, y{T)=Po- 



(17) 



Let us solve the Cauchy problem 



y(0)= P o, m = y / 2 (-l + 

The trajectory returns at the point po after a certain time T > 0, having swept the portion of the 
rectilinear brake orbit of energy —1 starting from po and lying in IR 2 \ Br(0). Our aim is to catch the 
behaviour of the solutions under small variations of the initial conditions. We consider 

(m = -mts$** (18) 

\y(0) = Po, 2/(0) = r e^> + Mole™*, 

where ro is assigned as function of do by means of the energy integral. We denote as y(- ; do, do) the 
solution of (18). For the brake orbit y (• ; do, 0) it results 

d(t;d ,0) = d VtG[0,f]. 

We introduce ip : x I — > R 2 as 

where 0x/c5 1 xRisa neighbourhood of (0, T) on which ip is well defined. The following result 
is Lemma 3.2 of [11], see the proof therein. 

Lemma 3.2. The Jacobian ofip in (0,T) is invertible. 

Now we introduce the parameters e and v': let us define 

* :6 x I x dB R (0) x 0,|Jxt->R 2 
(do,T,px,e,v') i y y(T;d ,d ;s,v') - p%, 
where y{- ; do, do', £, v') is the solution of 

{y(t) + 2v>iy(t)=V$ u ,, e (y(t)) fl9) 

\y(0)= Po , y{Q)=r vl>e e i ^+moi^°, 

and f v i, e is assigned as function of do, e, v' by means of the Jacobi constant. The proof of the following 
statement is a straightforward generalization of the proof of Lemma 3.3 in [11]. 

Lemma 3.3. There exist 8 > 0, < £2 < £i/2 and v[ > such that for every (e,v') £ (0,62) x 
(—V\,v'i), for every pi £ dBft(0) : \pi — po\ < 2<5, there exists a unique solution y(- ;do,do;£,v') of 
(19) defined in [0,T] for a certain T > 0, and satisfying also (15). Moreover, it is possible to choose 
S, £2 and v[ independent on po £ dBn(0). 
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Proposition 3.1 follows. The solutions obtained are uniquely determined and depends in a smooth 
way on the ends po & n d Pi , and on the parameters e and v' (by the implicit function Theorem) . Since 
a brake solution ybr(') = 2/( - \Po,Po\ 0, 0) of the Kepler's problem is such that 

max |2A, r (t)| = ( — ) and max |yb r (*)| = \ 2 5^)1 
te[o,T] \ a J *e[o,T] y \ aR a J 

it is possible, if necessary, to replace £2 and v[ with smaller quantities in such a way that (16) is 
satisfied. 

Definition 1. For any e £ (0, £2) we pose 

OS e := {y C xt(- ;pQ,Px;e,v') : p ,pi £ dB R (0), \v'\ < v[}, 
i.e. C5 e is the set of the outer solutions corresponding to a fixed value of e. 
Lemma 3.4. For every e £ (0, £2) there exist Ci,C% > such that 

Ci < T ext (p Q , Pl ;e,v') < C 2 V(p ,Pi,^') € (^(O)) 2 x (-£', ?')• 
j4Iso ; i/iere exists C3 > smc/i t/iat 

|b e aft(-;^,Pi;E,^')l|H 1 ([O.T«rt(Po,Pi;s,^)]) ^ C 3 
/or every (p , Pl ,v') £ (dB R (0)) 2 x 

Proof. The boundedness of T cxt (po:Pi; £ 5 is a consequence of the continuous dependence of the 
solutions with respect to variations of initial data. As far as the bound in the H 1 norm is concerned, 
we can use (16) and the first part. □ 

Remark 4. We could make the boundedness properties described above uniform in e. But we will use 
this Lemma in sections 5, 6 and 7, where £ will be fixed. 



4 Inner dynamics 

In contrast with the previous one, this section is not a direct generalization of section 4 of [11]; 
however, it is convenient to summarize the main ideas that we developed therein. Our goal was to 
find solutions of 

|y(*) = W e (y(t)) te[0,T] 

U|tf| 2 -fe(!/(t)) = -l t£[0,T] 

||y(*)l<-R *g(o,t) 1 ) 

1 2/(0) = Pi, y{T)=p 2 . 

satisfying particular topological requirements; T was not determined a priori, while the energy was 
fixed to —1; hence, in order to give a variational formulation of (20), it was convenient to adopt the 
Maupertuis' principle rather then the minimal action principle. Let [a, b] C K and pi,P2 £ 9Br(0), 
Pi = i?exp{iz9i}, p 2 = i?exp{i$ 2 } (the case pi = p 2 is admissible). We introduced the set of 
collision-free H 1 paths 

H PlP2 {[a,b}):={u£H 1 ([a,b},R 2 ) :u(o)=pi, u(b) = p 2 , 

u(t) ^ Cj for every t £ [a, b], for every j £ {1, . . . , N} } , (21) 
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the set of colliding H 1 functions 

£oll PlP2 ([a,b]) := {u e H 1 ([a,6],K 2 ) : u(a) = p u u{b) = p 2 , 

3t € [a, b] : u(t) = Cj for some j G {1, . . . , iV} } , 

and their union 

H P1P2 ([a, b]) = H P1P2 ([a, b}) U £oll PlP2 ([a, b]) . 

Briefly, we will write H, Cotl and H when there will not be possibility of misunderstanding. Note that 
H is the closure of H in the weak topology of H 1 . A path u € H can be characterized according to 
its winding number with respect to each centre. This number can be computed by artificially closing 
the path itself, in the following way: 

' \u{t) t e [a,b] 

| Re^-b+Oz) t £ (b, b + 0i + 2tt - i? 2 ) 

r(t) := <( u(t) te [a,b] ifi?i = i? 2 

/«(*) ie Ml T 9 > 9 

i.e. if pi p2 we close the path u with the arc of dBn(Q) connecting p 2 and pi in counterclockwise 
sense. Then it is well defined the usual winding number Ind (u([a, b]), Cj). Given I = (Ji, . . . , Zjv) G 
a connected component of H is of the form 

tf lP2 ([a, b}) := { U e H P1P2 ([a, b}) : Ind (u([o, b}), Cj ) = lj Vj = 1, . . . , n) . 

We needed classes containing self-intersections-free paths, so that we considered I £ instead of 
I £ Z N , and set 

Hi = Hf lP2 ([a,b}) := {u e H P1P2 ([a, b}) : Ind («([a, 6]), Cj) = l 3 mod 2 Vj = 1, . . . , iv} ; 

namely we collected together the components with winding numbers having the same parity with 
respect to each centre. We also assumed that 

3j, k e {1,...,N}, j ^ k, such that l l k mod 2. (22) 

In this way, each u £ Hi has to pass through the ball B e (Q), and cannot be constant even if p\ = P2- 
Actually we proved that the functions in Hi are uniformly non-constant, in the sense that there exists 
C > such that 

\\it\\v>>C yueHi. 

Furthermore, the constant C can be chosen independently on p\ and P2 (see Lemma 5.2 of the quoted 
paper) and also on I (the proof is the same). We said that / € Z 2 ^ s a winding vector, and we 
term 3 N := {I £ 7L^ ■ 1 satisfies (22)}. In order to apply variational methods, we needed to consider 
Hi = Hf lP2 ([a 7 b]), the closure of Hi with respect to the weak topology of H 1 ; of course, in Hi there 
are collision- function. Since we searched functions whose images are in Br(0), we considered the 
subsets 

Ki = Kf iP2 ([a,b}) := {u £ Hi : \u(t)\ < R Vt £ [a,b]} 
Ki = K PlP2 ([a,b}) := {u £ H{ : \u(t)\ < RVt £ [a, b}} . 
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The set Ki is weakly closed in if 1 . Recall the definition of the Maupertuis' functional associated to 
problem (20): 

Af_i(u)=M_ 1 ([o 1 6];«):=iy \ii\ 2 (V £ (u) - 1) ; (23) 

It is well known that solutions of the fixed energy problem given by the first two equations in (20) 
are obtained as re-parametrizations of critical points of M_i at positive level in the space if (see, e.g. 
[1]). It is also possible to consider re-parametrizations of critical points of the functional 



L_ 1 (u)=L_ 1 ([o, b];u):= / V(V s (u) - 1) |u| 2 , (24) 



which is defined in the closure with respect to the weak topology of if 1 of 

ff_! = H 9 }? 2 {[a,b]) := {u e H pip2 ([a,b]) : V{u{t)) > 1, |u(t)| > for a.e. t G [a, 6]}. 

Actually local minimizers of M_i are local minimizers of f-i, and the converse is true up to a 
re-parameterization. The functional L_i has a useful geometric meaning, since for u G ff-i the 
value L_i(w) is the length of the curve parametrized by u with respect to the Jacobi metric gij(y) = 
(V e (y) — 1) Sij, where Sij is the Kronecker's delta; this metric makes the set {V e (u) > 1} a Riemannian 
manifold. 

Let us look at Theorem 4.12 of [11]. We proved that there exists £3 > such that for every e G 
(0,£ 3 ), pi,p 2 G dB R {0) and I G 3 N problem (20) has a solution t)i(- ;pi,p 2 ;e) G Kf lP2 ([0, T]) (T = 
T{pi,P2',£'i I)) which is a re-parametrization of a local minimizer of the Maupertuis' functional M_i 
in iff lP2 ([0, 1]), for some T > 0. If p x = p 2 and 

Zi = • ■ ■ = Zj-i = Zj+i = ■ ■ ■ = In 7^ Ij mod 2, (25) 

then this solution could be an ejection-collision solution with a unique collision in Cj, otherwise it 
has to be self-intersection-free and collision- free. The successive step consisted in the translation of 
Theorem 4.12 in the language of partitions. This is possible since if u G K\ is self- intersection- free 
then it separates the centres in two different groups, which are determined by the particular choice 
of I G 3 N ; namely, a self- intersection- free path in a class K\ induces a partition of the centres in two 
non-empty sets. Hence we could define the application A : 3 N — > V which associates to a winding 
vector 

' l k = mod 2 k G A Q C {l,...,iV} 
l k = l mod 2 k G A x C {l,...,iV} 



Z = (Zi,..., Zjv) with 
the partition 



^4(0 := {{c fc : l k G A }, {c fc : Z fc G ^1}}. 



It is then natural to set 



K Pi = Kl 



p, 



1 /'_■ 



([ 0j 6]):={ttG^([a ) 6]):fG^- 1 (P J -)} > 



^ = ^ P2 ([a,fe]) := { M G i^r 2 ([«,6]) :G ^(^i)} • 

In comparison with [11], note that we don't require that a path in Kp j has no self- intersection; for the 
TV-centre problem such a requirement was proved to be natural, in the sense that every minimizer of 
the Maupertuis' functional in Ki is necessarily self-intersection-free, unless it is an ejection-collision 
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minimizcr; for the rotating problem this is not necessarily true, therefore we drop this condition in 
the definition of Kp.. 

From Theorem 4.12, we obtained, for every e G (0, £3), pi,P2 G 9Br(0) and Pj £ V, the existence of 
a solution rjp 3 (- ;pi,p2;e) of problem (20), which is a re-parametrization of a local minimizer of the 
Maupertuis' functional M_i in K p lP2 ([Q, 1]). If pi = P2 and Pj € Pi then t)p 3 . (■ \pi,p2\s) can be an 
ejection-collision solution with a unique collision in c,*, otherwise it is always collision- free (recall the 
definition of V\, equation (5)). 

Let's come back to our "fixed Jacobi constant problem" 

■jj(t) + 2u'iy(t) = V$„>, s (y(t)) t e [0, T] 
i ±\y(t)\ 2 - $ v ,, e (y(t)) = -1 te[0,T] 
' \y(t)\<R t£[0,T] 

M°)=Pi y(T)=p 2 - 

The variational formulation of (26) will be the object of subsection 4.1. We will state the main result 
of this section in subsection 4.2. 



4.1 The variational formulation 

Let us consider a general problem of type 

'z(t)+2viz(t)=V$ v (z(t)) te[0,T] 

i|i(t)| 2 -$„(z(t)) = h te[o,T] 

[z{0)=p! z(T)=p 2 . 



(27) 



with T > to be determined and Pi,P2 G K 2 - In order to solve it, we cannot use the Maupertuis' 
functional because it is suited for fixed energy problems. However, exploiting the existence of the 
Jacobi constant, we can study the Maupertuis- type functional 




$v(u) + h\ + v \ (iu,u) 



M h , v ([a,b];u) := V2 



We will briefly write M^ v instead of Mh, v ([a, b]; •) when there is no possibility of misunderstanding. 
The domain of Mu,v is the closure in the weak topology of H 1 of 



If 



#Cr(MD :={«eff M! («,i]):i(«(i)) > -h,\u(t)\ > for a.c. te [a,b]} . 
V2 




we can set 



&v(u) + h 



„ f §Ju) + h 



>0, 



(28) 



(29) 



and it makes sense to consider the re-parametrization z(t) = u(u>t), defined in [a/u),b/u>]. The func- 

^ erf// 1 (i 1 / 1 )*) 

tional Mh, v is differentiable over H<~)Hh,i, ' (seen as an affine space on Hq). We will consider 

[a, b] = [0, 1] for the sake of simplicity. 
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—<j { H 1 ( H 1 ) 

Theorem 4.1. Let u £ H PlP2 ([0, 1]) n (H^ 2 ([0, 1]) fee a crifcica/ poini o/ M^, i.e. 

dMh v (u) [v] = for every v £ Hq ([0, 1]), and assume that (28) is satisfied. Let ui fee defined by 
(29).' 

TTien z(i) := u{uit) is a classical solution of (27) wif/i T = zw/iiZe u itself is a classical solution of 

' uj 2 u(t) + 2vuiu{t) = V<S> v {u(t)) t £ [0, 1], 

i|^)|2_£Mm = ^ <e[0 ,l], (30) 

^u(0)=pi, M(l)=p 2 - 

Proof. It is not difficult to check that if dMh^(u)[v] = for every v £ Hq([0, 1]) then z(t) = u(tot) is 
a classical solution the first equation in (27). The Jacobi constant for z reads 

^\z(t)\ 2 - <P„(z(t)) = k Vt «■ ^|u( s )| 2 -$„( u ( s )) ^fc Vs, 
where fcei. We deduce 

2 _ Jo^(») + fc 
uj — ^ ; 

UN 2 

comparing with (29), we obtain k = h. □ 

The previous statement says that the functional Mh >u plays, for problem (27), the role that the 
classical Maupertuis' functional Mh plays for a fixed energy problem of type (20). In order to apply 
variational methods it is worthwhile working in H rather then in H, since H is not weakly closed. 
As a consequence, it is not possible to rule out the occurrence of collisions from the beginning. This 
leads to the concept of weak solution for the problem (27). 

Definition 2. Let it be a local minimizer of M^ iU in Hf^^dO, 1]) such that (28) holds true, and let 
u be defined by (29). We say that z(t) — u{ujt) is a weak solution of (27) in the time interval [0, 1/w]. 

If z is a weak solution, we can define the collision set as: 

z(t) = cj for some j = 1, . . . , N 

It is not difficult to check that if z is a weak solution and (a, fe) C [0, 1] \ T c (z), then z is a classical 
solution of the restricted problem in (a, fe), with Jacobi constant h: indeed for every ip £ C^°(a,b) it 
results 

— M htV (u + \<p) 









o,i" 




U! 



dX 



= 0. (31) 

A=0 



One can verify that the set T c (z) is discrete and finite, so that z is a classical solution almost everywhere 
in [0, I/to}. On the other hand, a local minimizer in K\ of Mh v does not satisfy the motion equation 
in every time interval [c, d] such that |it(t)| = R for every t £ [c, d]] indeed, in such a situation it is not 
true anymore that (31) holds true for every variation ip £ C£°([e, d]). Nevertheless, the conservation 
of the Jacobi constant still holds true. 



Proposition 4.2. If u £ {H^ 2 ([0, 1]) is a local minimizer of M h}V , then 



1 , , Sl0 & v (u(t)) h 
-u(t) 2 ~ 2 =— for a.e. t£ [0,1] 

2 CJ Ld Z 
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Proof. It is a consequence of the extremality of u with respect to time re-parametrization keeping the 
ends fixed. For every ip £ C£°((0, 1),R), let us consider u\(t) := u(t + X(p(t)). For A sufficiently small 
the function t i— > t + Xip(t) is increasing in [0, 1], so that in particular it is invertible; the minimality 
of u implies 

-M K „{u\) 



dX 



= 0. 

□ 



Remark 5. Note that, if v = 0, the functional Mh v reduces to 



M h , (u) := V2 ^jf \ii\ 2 j fjf (V» + h) j = 2VM h (u), 

where M/j is the classical Maupertuis' functional of type (23). This reflects the perturbed nature of 
problem (26). Actually, due to the monotonicity of the square root for positive values of its argument 
it is immediate to deduce that u is a (local) minimizer of Mh at a positive level if and only if it is a 
(local) minimizer of Mh$ such that (28) is satisfied. Therefore, if we work in a set in which Mh is 
bounded below by a positive constant, it is equivalent to minimize Mh or Mh,o- In particular, since in 
Lemma 4.16 of [11] we proved that for every pi,p2 £ dBp(0) and for every I £ 3 N there exists C > 
such that 

M-i(u)>C>0 Vu£ iff iP2 ([0,l]), 

the characterization of the minimizers of M_i in Ki (and consequently also in Kp.) described in 
Theorem 4.12 of [11] (or Corollary 4.14 of [11]) applies for the minimizers of M^\,Q\ this will be 
crucial in section 6. 

As announced in section 1, there is an analogue counterpart for the functional Lh- We introduce 
L h A[a, &];-) : ~Hh7 {H ^"^KU {+00} as 

1 



Lh,u([a,b];u) := J y/ + h)\ii\ + -j=v J (iu,u). 

For u £ H 1 ([a, b]) let us consider the following class of orientation-preserving re-parametrizations 

T u := {([c,d],f) : /: [c,d] -> [a, b],f £ C 1 ([c,d],M) and increasing, such that uo f £ H 1 {{c,d})} . 

It is not difficult to check that Lh yV is invariant under re-parametrizations of T u . We point out that 
this is false if we consider re-parametrizations which don't preserve the orientation. In particular, 
differently from Lh, Lh, v is not a length. It is possible to check that if \v\ is sufficiently small then 

y/$ v (z) + h\z\ + u{iu, u) 

is a Finsler function which makes the "Hill's region" {$^(z) > — h} a Finsler manifold. 

Theorem 4.3. Let u £ Hh 1 ^ 2 ([0, 1]) f~l H P1P2 ([0,1]) be a non-constant critical point of Lh, v - Then 
there exist a re-parametrization z of u which is a classical solution of (27) for some T > 0. 

Proof. We can adapt the proof of Theorem 4.5 of [11] with minor changes. □ 

The relationship between minimizers of Mh )V and Lh, v is given by the following statement. 
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Proposition 4.4. Let u 6 Hh M r\H be a non-constant (local) minimizer of Mh, v such that (28) holds 
true. Then u is a (local) minimizer of L^^ in Hh,v H H. 

On the other hand, let u £ Hh,v (1 H be a non-constant (local) minimizer of Lh.v Then, up to a 
re-parametrization, u is a (local) minimizer of Mh, v i n H\ lv H H such that (28) holds true. 

Proof. Due to the Holder inequality we have 

V2Lh,„(u) < Mfc,„(u) Vu € JT hi „ n ff, 
with equality if and only if there exists C > such that 

Kt)| 2 = c($„(u(t))-i) vte[o,i]. 

Now we can follow step by step the proofs of Proposition 4.6 and Proposition 4.7 of [11]. □ 
4.2 Existence of inner solutions 

The following result is a partial counterpart of Theorem 4.12 of [11]. 

Proposition 4.5. There exist £4 > and v' 2 > such that for every {jpx,p2,£,v' ,1) G (9-Br(0)) x 
(0,64) x (— 1/2,1/2) x Gr*, problem (26) /las a weafc solution yi(- ; p\ ,pi\ £, v') £ Kf lP2 ([0,T}) which is 
a re-parametrization of a local minimizer ui(;pi,p2' 1 £,v') of the Maupertuis' functional M_i v > in 

Kr p2 ([0,1]). 

Before proceeding with the proof of Theorem 4.5, we state the translation of this result in terms of 
partitions. 

Corollary 4.6. For every (pi,p 2 , e, v' , P 3 ;) G (dBn(0)) 2 x (0,^4) x (—^2,^2) x P> problem (26) has 
a weak solution yp j (- ;pi,p2]£,v') € Kp lP2 ([0, T]) which is a re-parametrization of a local minimizer 
up.(;p\,pi',£,v') of the Maupertuis '-type functional M-\y in K p lP2 ([0, 1]). 

We hx [a, b] — [0, 1] and the Jacobi constant to —1, so we will write M v > instead of M_\y . Also, 
we fix pi,p2 € dBn(0) and I £ 3 N . 

Remark 6. In the statement of Theorem 4.5 the values £4 and v' 2 depend neither on p\,pi £ <9-Br(0), 
nor on / £ 3 N . But here we fixed p\,pi and / before finding £4 and v' 2 . Actually, once we will find £4 
and v' 2 , we will see that they are independent on the previous quantities. 

We aim at applying the direct methods of the calculus of variations in order to find a minimizer of 
M v i in Ki. Assuming that we can find such a minimizer m(- \p\,pn\£,v'), in order to obtain a weak 
solution of (26) we have to show that 

1) ui{- ;pi,p 2 ;eX) satisfies (28), 2) \ui(t; Pl ,p 2 ;£,v')\ < R Vt £ (0,1). 

Note that the first requirement is satisfied: for every u £ (J p2 z Kf iP2 ([0, 1]), it results \u\ < R\ 
therefore we can use the bound of Remark 3. We will discuss about the second condition after the 
minimization. 

Lemma 4.7. The functional M v i is coercive in K%. 
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Proof. Let (u n ) C K\ such that Hunlli? 1 ~^ o° f° r n ~^ oo. Since ||tt n ||£2 < R, necessarily ||u n || i 2 
+00 as n -> 00. As V^(y) - 1 > M x > in Br(0), 



^-1 \ 2 /•! 



M u ,(u n ) > V2\\u n \\ L 2 (mi + ^ J M") 

= V2||m„|| L 2 ^J^=||M n || L 2 + A^ - |^'|||w n || L 2||M„| 



L' 2 



for some A > 0. Hence M v i{u n ) > v2A||w n ||£2. □ 

Lemma 4.8. The functional M u i is weakly lower semi- continuous in Ki- 

Proof. Let (u n ) C K\ such that u n — 1 u weakly in if 1 . It is by now standard the proof of 

\u\) (J ^, £ («)-lj <Bmmf^ |u„A Qf $^, £ (u„) - 1 
see for instance [2, 13]. It remains to show that 

v' \ (to, u) <liminfi/ / (iu n ,u n ). (32) 
Jo " ™^°° Jo 

The weak convergence of u n to u implies that u n — > u uniformly in [0, 1] and u n — ^ u weakly in L 2 , 
as n — > 00. We have 

v' j (iu n ,u n )=u' (i(u n - u),u n ) + v' \ (iu,u n ). 
Jo Jo Jo 

The first term tends to and the second term tends to v' f Q {iu, u) as n — > 00; (32) follows. □ 

Remark 7. The term v f {iu, u) is not only weakly lower semi-continuous in H 1 , but also continuous 
in the weak topology of H 1 . 

Due to the coercivity and the weak lower semi-continuity of M v i , we can apply the direct methods of the 
calculus of variations on the functional M v i in the weakly closed set K[. For every (e, v') £ (0, £i/2) xR, 
we obtain a minimizer Ui(-;pi,p2',s, v') for which (28) is satisfied. The following result concludes the 
proof of Proposition 4.5. 

Lemma 4.9. There are £4, v' 2 > such that for every (pi,P2, £, v 1 , 1) G {dB^fO)) 2 x (0, £4) x (— 1/ 2 , u 2 ) x 
3 N the minimizer ui(- ;pi,p2;e,iy') is such that 

\ui(-; Pl ,p 2 ;e,p')\<R Vie (0,1). 

Proof. We can follow the same line of reasoning which was used in [11] in order to prove Proposition 
4.22. For the reader's convenience, we report here the ingredients of the proof. Let us term 

T R {u) := {t e [0, 1] : \u(t)\ = R} , T+ /2 (u) := It € [0, 1] : |u(t)| > | 
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A connected component of Tr(u) is an interval (possibly a single point) [tijta] with t\ < ti- It is 
possible to show that u £ C 1 ([0, 1]), and if (a, b) is a connected component of T^, 2 (u) \ Tr{u), then 
u \<a,b) is °f class C 2 and is a solution of 

u 2 u{t) + 2v'uiu{t) = V$„v(u(t)), where u 2 := ^ ^"' E ^ ~ ^ 



1/oN 2 

Moreover, there are e^v'^t > such that, if (e, v') £ (0,64) x (—1^2,^2)) then for every tz,t± such 
that 

Ht 3 )\=R, 1^4)1=1, %<Mt)\<R wJ;; 3 '! 4 ; i !! 3 <; 4 , 

2 2 [(*4,*3j lf*3>*4 

there holds — ^3 1 < r. Neither £4 nor v' 2 depend on pi,p2 or /. Let [£1,^2] be a connected 
component of Tr(u), let (a, b) be a connected component of T^, 2 such that [tijta] C (a, 6). Let us 

consider := u(ujt). Since y £ C 1 ((a/u),b/u)), it can lean against the circle {1/ £ R 2 : |y| = i?} 
with tangential velocity, and for every A > there exists t& > t% (or t& < t±, and in this case the 
following inequality has to be changed in obvious way) such that 



y 



yi—)-m(—) i e «<V«) 



< A. 



Thus, recalling that R is the radius of the circular solution of energy —1 for the a-Kepler's problem, the 
theorem of continuous dependence of the solutions with respect to the vector field and the initial data 
implies that y cannot enter (or exit from) the ball B R / 2 (0) in time r, provided £4 and v' 2 are sufficiently 
small (if this was not true, we can replace them with smaller quantities); this is in contradiction with 
the choice of I. □ 

In order to exploit the description of the behavior of the solution which we obtained for the iV-centre 
problem in Theorem 4.12 of [11], we will replace £4 with min{£3,£4} (for the reader's convenience, we 
recall again that £3 has been introduced in Theorem 4.12 of [11]). 

Definition 3. Let us fix arbitrarily v 3 £ (0, min{z^ 2 , \/2Mi/ R}) . For every e £ (0,64) we term 

1M S := {u l (-,pi,p 2 ;s,v') : Pi,p 2 £ dB R (0), I £ Zf, < i/ 3 }, 
the set of the inner minimizers of {M^i}^^^? for a fixed value of £, and 

lS e := {yi{-,Pi,P2]£,v') : p uP2 £ dB R (0), I £ Z$ , |z/| < v' 3 }, 
the set of the corresponding inner solutions for a fixed value of e. 

We conclude this section with a collection of boundedness properties for the functions of IAi e . 
Proposition 4.10. Let e £ (0,£4). There are Ci,C2,C 3 ,C4,C5 > such that 

C\ < inf ||u|| L 2 < sup ||u|| L 2 < C 2 , 

ueIM c uEXM e 

C 3 < inf / ^, e (u)-l< sup / $„<, e (u) - 1 < d, 

sup M u >(u) < C 5 . 

u=ui(- ;p±,p2,s,v') 
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Remark 8. Since sup{||u||£2 : u £ 1M £ < R}, the set XM. e is bounded in the H 1 norm. 



Proof. Every u £ XM e is of type «/(• ;pi,p 2 ', s, v 1 ) for some p\,p 2 £ dB R (0), I £ 3 , f' £ (i/ 3 ,i/ 3 ). 
Since 3^ is discrete and finite, we can prove the statement for a fixed In [11] we proved that the 
functions of \J P2 edB R (a) Kf lP2 ([0, 1]) are uniformly non-constant, which ensures the existence of C\. 
Furthermore, as an immediate consequence of the estimate in Remark 3, we obtain C3 = M\. Now let 
us fix p\,p2 € 9Br(0); there exists u £ Kf lP2 ([0 7 1]) such that, for some Cq > and p = p(e) £ (0, e), 
it results 

|5(t)|=C«, \u(t)- Cj \>»(e) we[o,i],Vje{i,...,iV}. 
For every v 1 £ (— z/ 3 , z/ 3 ) we have 

where Cj = Cj{s). Starting from this bound it is possible to obtain a uniform bound with respect to 
P\-,P2-, v' for the level of the minimizers of M v > . If (pi,p2) 7^ (pi,P2), we consider the path 

rCi?(3i; P i,pi) t£ [0,1/3] 
u(t) := I u(3t - 1) t<E (1/3, 2/3] 

{( R (M-2;p 2 ,p 2 ) t£ (2/3,1], 

where, for e 9Br(0), (b(-;p*,p„) : [0, 1] — » R 2 parametrizes the shorter (in the Euclidean met- 

ric) arc of dB R (0) connecting and p** with constant velocity. As far as the velocity of (^ R (- ^^p**) 
is concerned, it is easy to see that it is uniformly bounded with respect to p,,;?**. This, together with 
the assumptions on u, implies that also the velocity of u is bounded in [0, 1], and 



W\RC < C 5 



Again, C5 = C§{e) > 0, while it does not depend on the ends p\ and p 2 or on the parameter v' . 
Consequently, for the family of the minimizers there holds 

MUui(-;pi,pr,e,v'))<C 5 V Pl ,p 2 £ dB R (0), |z/| < u' 3 . (33) 

Using (14), we obtain 

,m, . Cs - v' f„ (iui(- ;Pi,P2\e,v'),u l (- ;px,p2;e,p')) 
\\ui{- ;pi,p2\e,v )|| L 2 < 



< 



V2MT 
C 5 + \v'\R\\ui(- ;p 1 ,p 2 ;e, 

for every pi,p 2 £ dB R (0) and < v' 3 . Now 

W\R \ „. / a„ C5 

1 Tkttt INO ;Pi,P2',£>v )\\L a < 



V2MT/ " v ' - ^2M[ 



Since \v'\ < v' 3 < v / 2Mi/i?, the coefficient on the left hand side is bounded below by a positive 
constant; therefore 

|M-;Pi,P 2 ; £ y)IU* < (l M|) 1 =: C 2 (e) V(pu P2 ,v') £ (dB R (0)) 2 x (-!«)• 
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It remains to find C4; from (33), using the existence of C\, it follows 



' 7 C 5 + \i/\R\\u l (-;pi,pr,ey)\\L a < _C5_ V3R 
V2\\ui(-;pi,P2;e,v>)\\l* ~ V2d V% 



;Pi,P2;e, ^ )) - 1 ) < ^ , ; — < ^ H ^r=:C 4 2 . □ 



Remark 9. The fact that some constants depend on e reflects the fact that more the Jacobi constant 
is small, more the admissible values of the angular velocity are small, see Remark 2. This is why we 
keep e fixed, letting v' vary, instead of considering both e and v' as parameters. 

We termed [0, Ti(pi,p2] s, v')] as the time interval of yi{- ;p-\_,p2',£,v') G TS £ . It results 

Ti{pi,P2;e,u ) = — jr, where uji(pi,p 2 ; e, v ) = — j— — — . 

cji(pi,pn;ey) ■ 1 p 1 ,p2;£,v')\\ 2 

Corollary 4.11. Let e G (0,24). There exist Cx,C 2 ,C 3 > such that 

Ci<T l (p 1 ,p 2 ;e,u')<C2 

\\yi(- ■ i Pl,P2]£,v')\\ H l {[Tl{pup2 . e y )]) < C 3 

for every (p ,pi,i/,l) G (dB R (0)f x (-v' 3 ,v' 3 ) X J". 



4.3 Forward normal neighborhoods 

In [11], we exploited the geometric interpretation of L: it is the length in the Riemannian manifold 
{V e (y) > — 1} endowed with the Jacobi metric. In particular in section 5 of the quoted paper we used 
classical results concerning the existence of totally normal and strongly convex neighborhoods (for the 
definitions, see [5]). Now we are not dealing with a length anymore, but with a Finsler function; so, 
something similar can be proven. The following is a known result, but since we cannot find a proper 
reference we give a sketch of the proof for completeness. 

Proposition 4.12. Let p > be small enough, in such a way that B £ (0) C -Br/2- p (0) C B r + p (0) C 
{3V,e(j/) > 1} and R/2 — p > e. There exist £5 G (0,64], v\ G (0, 1^] and f G (0, 2p) such that if 
e G (0,65), \v'\ < z/4, pi,p2 G -Br(O) \ B R / 2 (0) and \pi — P2I < f then there is a unique minimizer 
Umin(- ;pi,P2',£, v') of M v > in the set 

{u G H P1P2 ([0, 1]) : u(t) G B R+p (0) \ B R/ 2- p (0) Vt} . 

Moreover, it depends in a C 1 way on its ends and on the parameters e and v' , and is the unique global 
minimizer of M u i in H piP2 ([0, 1]). 

Definition 4. Let e G (0, £5), \v'\ < v\, and let us take p > as above; let p G B R (0) \ B R / 2 (0). 
For every pair p\,p 2 G B f / 2 (p) there is a unique (up to a re-parametrization) local minimizer of L v i 
which starts from pi and arrives at P2, depending smoothly on the ends. We will say that B f / 2 (p) is 
a forward normal neighborhood of p. 

Proposition 4.12 says that every point of B R (0) \ B R / 2 (0) has a forward normal neighborhood; more- 
over, the set B R+p (fS) \ B R / 2 _ p (0) is "convex", in the sense that the minimizers u m i n (- \p\,p 2 ;e,v') 
stay in it. 

Forward normal neighborhoods plays the role of totally normal ones of a Riemaniann manifold, 
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with the difference that, since our functional L u > is not invariant under orientation-reversing re- 
parameterizations, a minimizer of L„/ in H P1P2 ([0, 1]) could not be a minimizer of L v i in H P2Pl ([0, 1]). 
Actually for every p € {<IV ie (y) > 1} it is possible to prove the existence of a forward normal neigh- 
borhood, but due to the degeneracy of our Finsler function, which can become even negative if we are 
close to the boundary of the "Hill's region", the radius of these neighborhood becomes smaller and 
smaller and tends to as p approaches {<lv ie (y) = 1}. 

Proof. Let pi,p2 G 5r(0) \ 5r/2(0), e e (0, £4), v' g (— v' Al The existence can be proved applying 
the direct methods of the calculus of variations. If p\ = P2, observe that the minimizer is simply the 
constant function pi . 

Let u m in(- ]Pi,Pi', £, v*) be a minimizer in H piP2 ([0, 1]); there exists f > such that if \pi — P2 1 < r, 
then u m in(- ]Pi,Pi] £, v') is contained in _Br +p (0) \ -B/f/2-p(0): if not, there are sequences (r„) C 
R+ and ((p?,pj)) C S fl (0)\B K/2 (0) such that |p? - p' 2 l | < r„ and u min (- e, i/') touches 

9 (-Br +p (0) \ Br/2- p (0)). But this is absurd, because if r„ — > the minimizers tends to be con- 
stant functions in Br(0) \ -Br/2(0). The value p is independent on e G (0, £4) and \v'\ < v' 4 . For the 
uniqueness and the C 1 dependence, we consider the map 

(i?fl(0)\i? i?/2 (0)) 2 x (0,£ 4 ) x x H P1P2 ([0,1}) -> (H PlP2 ([0,l}))* 

(pi,P2,e, v',u) 1 y dM v i(u). 

Let u be a minimizer of M v < in H P1P2 ([0, 1]), whose image is contained in Br +p (0) \ S_r/2- p (0); 
an explicit computation shows that, if \p% — p 2 | and v' are sufficiently small, the second differential 
d 2 M v i (u) is positive definite, so that it is invertible. Thus, the Implicit Function Theorem applies to 
give uniqueness and smooth dependence. □ 

Remark 10. In section 3 we prove that, if pi,P2 G <9_Br(0) are sufficiently close together, we can find 
a "close to brake" solution of problem 15 which, of course, passes close to the boundary of the "Hill's 
region" > 1}. This is not in contradiction with the previous result, since an outer solution 

parametrizes a non-minimal critical point of L u i . 

5 A finite-dimensional reduction 

In this section we glue the fixed ends trajectories previously obtained, alternating outer and inner arcs 
in order to construct periodic orbits of the restricted problem (3) in the whole plane. Since in this 
procedure we need smooth junctions, we are going to use a variational argument which is essentially 
the same we introduced in [11]. Let us set e := min{£ 2 ,£5}, V := min-jVJ,^}. The quantities £2 and 
v[ have been introduced in Proposition 3.1 (recall also the definition of S therein), while £5 and v' 4 
have been introduced in Proposition 4.12, respectively. This is the main result of this section. 

Proposition 5.1. There exist e, v' > such that for every (e, v') g (0, e) x (— v 1 , v'), for every n E N 
and (Pj i: ■ ■ ■ , Pj n ) £ ?" there exists aperiodic weak solution <y(( p n----'- p j>i)' £ ' ly ) of problem (8), which 
depends on (Pj 1 , . . . , Pj n ) in the following way: the image 0/7^^1 '■■■' P) "' ,£ ' 1 ' ) crosses 2n times within 
one period the circle <9_Br(0), at times (tk)k=o 2n-i? o,nd 

• in {t2k,t2k+i) the solution stays outside -Br(O) and 
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• in (t2k+i > ^2fc+2) the solution lies inside Br(0), and, if it does not collide against any centre, 
then it separates them according to the partition Pj k . 



Let us fix e £ (0,e), \v'\ <v',n£ N, (P kl ,P k2 ,. . . ,P k J £ V n . We define 

D = |(po, • ■ • ,P2n) G (55 fi (0)) 2 ™ +1 : \p2j+i ~P2j\ < S for j = 0, .. . ,n- 1, _p 2n = Po} • 

Let (poi • • • >P2n) G D. For every j G {0, ...,n — 1}, we can apply Proposition 3.1 to obtain an 
outer solution y 2 j(t) := y e xt(t;p2j,P2j+i) e, v') defined in [0,T 2 j], where T 2j := T ext (p2j,p2j+V, e, v'). 
We recall that y2j depends on p2j and P2j+i in a C 1 manner. Also, from Corollary 4.6 we obtain 
an inner weak solution y 2 j+i(t) := yp k . +1 (t;P2j+i,P2j+2',£, v') defined in [0,T2j+i], where T 2 j+\ '■= 
Tp h (p2j+i,P2j+2', e, v') (recall that v' A < Being L v i invariant under orientation-preserving re- 
parameterizations, 2/2j+i is a local minimizer of the functional L v i ([0,T 2:)+ i] ; •). We point out that 
t/2 j + 1 could not be unique; however, if there is more then one minimizer of L„< in Kp 6 , we can 
arbitrarily choose one of them. 
We set T fc := T h k = 0, . . . , In - 1, and 



((P kl ,..,P k J,eV) ( _ 



(yo(s) s£[0,% ] 

yi(s-lo) sG[T 0) Ti] 

y 2 n-2 (s - T 2 „-3) 8 £ [1 2 n-3, ^ 2 n- 2 } 

,2/2n-l (s - T 2 „-2) S£ [1 2 n-2,l2n-l]- 



(34) 



The function lfo kl ''^ P \ n ' e ' V 1S a piecewise differentiable T 2 „„i-periodic function. It is a weak 
solution of the restricted problem (3) with Jacobi constant —1 in [0, X271-1] \ {0, To, . . . , %2n-i}t but 
in general is not C 1 in {0, To, • ■ • , T2n-i}; however, the right and left limits of the derivatives in these 
points are finite, so that it is in H 1 . It is also possible that l[p^ kl ' p^)^^ ^ ' has collisions. Thanks to 

Lemma 3.4 and Corollary 4.11, we are sure that the time interval of l]^" 1 'p'^)"'^ 6 ^ ^ is bounded above 
and bounded below, uniformly with respect to (po, ■ ■ ■ ,P2n) G D, by positive constants; therefore for 
every (po, . . . ,p 2 n) G D the period of the associated function is neither trivial, nor infinite. 

We introduce a function F — F((p kl ,...,p k ),e,v') '■ D — > K defined by 

2n-l 

F(p a ,...,P2n):=L^([0A3 n -i]ii^;^ ) ' e ' v ' ) ) - E L,A[0,T 3 ];y 3 )- 

3=0 

Proposition 5.2. There exists (po, . . . ,p2n) G D which minimizes F. There exist e,v' > such that, 
for every (e, v') £ (0, e) x (—£"', P'), the associated function l^ kl, "pf\ n ^ ,E ' V * s a periodic weak solution 
of the restricted problem (8) . The values e and v' depends neither on n, nor on (P kl , . . . , P kn ) G V n . 
Remark 11. Proposition 5.1 is an immediate consequence of this statement. 

From now on, we will write 'y((- p <si>--->- p O> E > 1 ' ) to denote the periodic weak solution associated to an 
arbitrarily chosen minimizer of F((p h ,...,p kn ).e,v')- 

We will reach the result through a series of Lemmas. We will follow the same sketch already used 
in [11], see also [12]. 
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Lemma 5.3. The function F is continuous, so that there exists a minimizer of F in the compact set 
D. 

Proof. Repeat the proof of step 1) of Theorem 5.3 of [11]. □ 

Let (po, . . . ,p2n) be a minimizer of F. We aim at showing that the minimality of (po, ■ ■ ■ ,p2n) implies 
smoothness in the junction times for the associated periodic function tL^* 1 '^^*" ■ In order to 
prove it, we would like to write explicitly the equation Vi^(po> • ■ • ,p2n) — 0. As we noticed in [12], 
it is not evident that this can be done, because of the lack of uniqueness of inner minimizers of M v i 
in Kp j : for this reason it is not immediate that an inner solution depends smoothly on its ends. In 
order to overcome the problem, we can use Proposition 4.12: for any j £ {0, . . . , n — 1}, we consider 
a forward normal neighborhood U 2 j+\ of the point paj+i- Let us choose i» £ (0,T 2 j + i) such that 

fttf+i := V2j+i{U) £ U 2j+1 , \p 2j+1 \ <R, y ([0,i*]) C (B R (Q) \ B R/2 (0)) ; 

There exists a unique minimizer y(-;p 2 j + i,p 2 j+i;e, v') of M v i, and hence also of L v i (up to a re- 
parameterization), which connects £»2j+i and P2j+i in time 1, and depends smoothly on its ends. For 
the uniqueness, y has to be a re-parametrization of 2/2,7+1 ■ Note that if P2j+t G ^2j+i H £?/?(0), then 
there is a unique minimizer y(^',p2j+i,P2j+i;e,i/) of M u i which connects P2j+i and p 2 j+i- We will 
consider its re-parametrization y(- ;p2j-\-i,p 2 j+i',s) such that 

k\v®\*-*»>*m)) = -i, 

denoting by [0,T(p2j+i,P2j+i)] its domain. Due to the minimality of y{- ;p 2 j+i,P2j+i',£,i / ') for L v t, 
such a re-parametrization exists, see Theorem 4.3. In this way 

y(- ;p2 3 +i,P2j+i;e,v') = yp kj+1 (- ;p2j+i,P2j+i;e,^')l[o,T(p 2j+1 ,p 2j+1 )]- ( 35 ) 

Let D 2j+1 := {p 2] +i £ (dB R (0) n Uaj+i) ■ \p2j ~ P2j+x\ < 6}. We define G 2i+ i : D 2j+1 -> R by 
G 2 j+i(p2 3 +i) ■= L([0,T(p2i+i)];sfext(- ;p2j,P2j+i;e,v')) 

+ L ([0,T(p 2j+1 ,p 2j+1 )];y(- ;p 2 j+i,P2j+i, £, v')) , 

where T(p 2 j+i) denotes T ext (p 2 j,P2j+i',£,i / ') (we will adopt this notation in this section). Of course, 
with minor changes we can also define a function G 2 j, for every j £ {0, . . . , 2n}. Note that Gk is 
continuous (for every k), since it is a sum of terms which are both continuous with respect to pk- As 
a consequence, Gk has a minimum. 

Lemma 5.4. If (po, • ■ • ,P2n) is a minimizer for F , then pk is a minimizer for Gk- 

Proof. The proof is the same of Lemma 1 of [12]. □ 

The main reason to pass from the study of F to the study of the functions Gk is that, in contrast with 
F, Gk is differentiable for every k: let's think at k = 2j + 1; L ([0, T(p 2 j + i)]; y e xt( - ',P2jtP2j+i', £, v')) 
depends smoothly on p 2 j+i for the differentiable dependence of outer solutions with respect to the 
ends, and L ([0, T(p 2 j+i,p2j)]', y{- ',P2j+i,P', £, v 1 )) depends smoothly on P2j+i for Proposition 4.12. 
Therefore the minimality of p2j+i implies that 

OP21 + 1 
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(the notation D l^+i denotes the inner of D 2 j+x)- This partial derivative is a linear operator from the 
tangent space Tp 2j+1 (dBn(0)) into R. In what follows we will show that, if e and 1/ are small enough, 
pk G for every A:, and that the stationarity conditions are nothing but regularity conditions for the 
functions 

\y C yLt{t-T{p2 ,P2j)]p2 3 ,P2j+l]£ 1 v') if*G [T{p 2]1 p2 3 ) 1 T{p 2oi p2 1 ) +T(p 2 j+l)] 



and 

C2,-+i(t) := 



2/ ex t(i;j?2j,P2j+i;£,^') ifie [0,T(p 2 j+i)] 

s yp fcj+1 ft - T(p 2 j + i);p2j,p2j+i;£,^) if * G [T(p 2 j+i),T(p 2 j+i) + T(p 2 j+i,P2i+i)] 



Taking into account that (fc is (up to a time translation) the restriction of j(( Pk i ^■■■>- p fc,i)> e > l/ ) on 
neighbourhood of the junction time Tfc_i, we obtain C 1 regularity for <-y(( Pfc i P ^)' E '" ) itself. 



Lemma 5.5. For even/ j = 0, 



1, G D 2 j, and for every ip g T P2 . (£?r(0)) } we /iaue 



9G 1 

0^f-(p2j)fa] = -j=(y(T(p2j,P2j);P2j,P2j;e,i>') - y ext (0;p 2jl p 2j +i]e,v'),<p). 

For every j = 0, . . . , n — 1, P2.7+1 € D23+1, and for every tp £ T P2j+1 (Br(0)), we have 

dG 1 

'''" :+1 -(P2j+i)W\ = -^(yext(T(p2j+i);p2j,P2j+i;£,v') - y(0;p2j+i,p2j+i;e,i/),<p). 



dp2 



■j'+i 



Proof. It is not restrictive to consider the derivative of G\ to ease the notation. The same calculations 
work for the other cases. There holds 

0G\ d d 

~dp~[ ^ = ~dp~i Lu ' ([°' T ( pi )] ;ycxt (' '>Po>pi> £ > v ')) + ~d p ~ 1 Lu ' (fi'Tfa'Pi^yi' ;pi>pi; e >^')) ■ ( 36 ) 

Let us consider the first term in the right side, writing simply yo instead of 
2/ext(" IPOiPi] £> w e consider Uo(t) = yo(Tot), defined in [0,1]. It results 



—L v , ([0, T( Pl )};y ) = —L v , ([0, 1]; u ) 
dpi dpi 



1 

V2 Jo 
1 



r ii d du , du , 

{T \/$u>,e{U0), 



v Tq dt dpi 



dpi 



T2 



,- du o . V 
dpi 



(lUQ, 



d du 



• 1 , Un , , dun, 1 

-= / - 2i/«ko + r v$^, e («o), o- 2 ) + -s 
V2J0 T dpi 



/ "oft) , /• /.x 9w 0/,^ 



1 







1 

71 



<2/oft)Wy ft),|^ft)) 



T(pi) 



In the second equality we use the Jacobi constant for yo, in the last one we use the fact that yo is a 
classical solution of the motion equation. 

As in the step 3) of the proof of Theorem 5.3 of [11], we can compute 

dv~i yo ^ = dp~i yo( - T( " Pl ^ = IdT Pi( dB ^°yy 
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Hence 

d 1 

—V ([0,T(pi)];y o ) [<p] = -7= ((y {T( Pl )),ip) + v (ipi,tp)) . 

We can repeat the same computations for the second term in the right side of the (36), with minor 
changes: terming y\ — y{- ;pi,p~i; e, z/), we obtain 

Lemma 5.6. There exist e > and v 1 > such that if e G (0,e) and \v'\ < v 1 then 

pk minimizes Gk =>• pu € Vfc. 
Tne values e and v' are independent on (Pk 1 , • ■ • , Pk n ) G P™ • 

Proof. Adapt the proof of Lemma 3 in [12]. □ 

Conclusion of the proof of Proposition 5.2. We can follow step 5) of the proof of Theorem 5.3 of [11] 
in order to check that each is smooth. Recalling the construction of *fS. p i>i'---< p *n)> e < v \ the proof is 
complete. □ 



6 Collision-free weak solutions 

We will work with e G (0,e) which is hxed. The aim is to find a threshold v' th (e) such that, if 
\v'\ < v' tfl (e), then 7((p jl ),e,v') is collision- free. It is necessary to distinguish among: 

1) a = 1 and N > 4, 2) a = 1 and N = 3 3) a € (1, 2). 



1) a = 1 and TV > 4. We start by looking at Theorem 5.3 of [11]. Since TV > 4, we have a simple 
way to choose (Pj ± , ■ ■ ■ ,Pj„) so that the weak solution 'y(.( p n'---> p in)' e >°) is a collision-free solution of 
the TV-centre problem y — W e (y), with energy — 1: it is sufficient to take Pj k G V \ V\ for every 
k = 1, . . . , n. Indeed in such a situation the conditions (ii)-b) or (m)-c) of the quoted statement 
cannot be satisfied. Note that if N = 3 the set V\V\ is empty, and this is way that case deserves 
a different discussion. Now, let e G (0,e), v' G (-v 1 ,?), n G N and (P n , . . . , P 3n ) G (P \ "Pi)™; let 
(po, • ■ • ,P2«) be the minimizer of i^p.,. ,...,p jn ), E ,i/') found in Proposition 5.2, and let 'yU-^i'— i-Pw.e." ) 
be the corresponding periodic weak solution of (8). Is it true that, for v 1 sufficiently small, such a 
solution is still collision- free? The answer is affirmative: the idea is that if v' — > the "minimizers" 
ry(.( p h •■■■i p j n )> e < u ) are weakly convergent in H 1 to j(( p ii>---< p in.)> s < ) ( which is collision-free. This is true 
in a local sense, and can be considered as a kind of Gamma-convergence argument. 

Continuity Lemma 6.1. Let e G (0,e), Pj G "P, ((PiNp™)) C (dB^O)) 2 and (z/^) C {-v',v')- Let 
u rn — up j (• ;p™,p™; £, z^„) 6e a minimizer for the following variational problem: 

min [M vL {u) : u G ^""([O, 1])} . 

Assume (p;i™>P;P) ~~ ► (pi>P2)> ~~ ^ 0> a7lc ^ u «i — ^ ^ weakly in H . Then u is a minimizer for 

min{M (u) : u € K? p f 2 ([0 , 1})}. 
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We postpone the proof of this Continuity Lemma in the next section; now, as announced, we use it 
in order to prove the following Proposition, which is the last step in the proof of Theorem 1.1 (recall 
Proposition 2.1 and Remark 2). 

Proposition 6.2. Let a = 1 and N > 4. Let e £ (0,e). There exists v[{e) such that for every 
v' £ {-Pi(e),v'i(e)), n e N and (P h , . . . , P jn ) £ (V\Vi) n , the function T ((- p «>-. p 3»W') %s collision- 
free. 

Proof. Let (Pj 1 , . . . , Pj n ) G (P \ V\) n and v' £ (— p', i/'). The key observation is the following: when 
j((Pj-L ,—,Pj n ),e,v ) stays inside -Br(O), it coincides with a re-parameterization of an inner minimizer 
UpA- ;pi,p2',£,v'), for some pi,P2 and P,. Therefore the thesis follows if we show that there exist 
v[ = v'^s), (3i = f3i(e) > such that 

min (iam\upAt;pi,p2;£,u')-Ck\)>Pi (37) 
for every lpi,p»,Pj,v>) £ {dB R {0)f x (P\Pi) X (-^X). 

Assume by contradiction that this claim is not true. Then there are (/? m ) C IR + , {v' m ) C (—u',v'), 
((pTiP?)) C (d£^(0)) 2 , (P™) c (P\Pi) and (fc m ) C {1,...,7V} such that /3 m -> 0, ^ -> for 
m — > oo, and 

min |u P ™(i;p™,p™;e, ^) - c fe J = /3 m Vm. 
te[o,i] 3 

Since {1, . . . , iV} and V\V\ are discrete and finite, we can assume k m — k and P™ = P, for every 
to. Also, since <9Pr(0) is compact, up to a subsequence (p™)? 3 ™) — > (pi,P2) & 8Br(0). We term 
w m = ttp^ (• £, z/^J. The set of the minimizers IA^ e is bounded in the H 1 norm, therefore 

up to a subsequence u m — u G i4" P lP2 ([0, 1]) weakly in i? 1 (and hence uniformly). In particular, the 
function u has at least one collision. The Continuity Lemma 6.1 implies that u is a collision minimizer 
of Mq in K P 1P2 ([0, 1]); this is in contradiction with Theorem 4.12 of [11], since Pj V\ (recall Remark 
5). □ 

Remark 12. The Continuity Lemma permits to restrict the attention on a unique passage inside 
Pfl(O); in particular the argument is independent on n, which can be arbitrarily large. 



2) a = 1 and TV = 3. This is the hardest part, since if we look at Theorem 5.3 of [11] we realize 
that it is not immediate to give conditions on {Pj t , . . . , Pj n ) to obtain a collision- free periodic solution 
j(( p n'--> p }n)i e !°) for the fixed energy TV-centre problem 

y(t) = VV e (y(t)) 

\\m?-vMt)) = -i. 

In order to work with a set of symbols such that the corresponding solutions are collision-free, we 
introduced Q (see section 1); for every n and for every {Pj r , ■ ■ ■ , Pj in ) € Q n , the weak solution 
rydPjx ,---; p i An ),£fi) f the A^-centre problem is actually a classical solution, because no composed se- 
quence of elements of Q has the reflection symmetry which characterizes a collision trajectory (see 
the following Remark 13). For e £ (0,e), we aim at showing that, if \v'\ is sufficiently small, for 
every n £N and (Pj 1 , . . . , Pj in ) £ Q n the function 7(^1 '—> p j4, n )' e > v ) is still collision- free. The idea for 
the proof is exactly the same which we have already used in points 1) and 2). Unfortunately, while 
therein we can simply restrict our attention to the behaviour of any inner minimizer (that is a local 
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argument), here this approach does not work. Indeed, for every Pj £ V and p\ € dB R (0) it is possible 
that a minimizer of Mo in K p lPl ([0, 1]) has collisions. Therefore we have to use an argument which is 
local, "but not too much". 

Remark 13. A possible way to check that there aren't collisions for solutions to the 3-centre problem 
associated to sequences of partitions of Q is the following. Let -y(( p *i .■■■^ p fe4,,)^'°) be the periodic 
solution of the TV-centre problem found in Theorem 5.3 of [11]. Writing (Pfc l; . . . , P& 4 „) € G n as an 
infinite periodic sequence, a group of 5 consecutive partitions is one of the following: 

P1P1P2P3.P1 P1P1P2P3P2 P1P2P3P1P1 P1P2P3P2P2 P2P3P1P1P2 P2P3P2P2P3 

P 3 P 1 P 1 P 2 P 3 P3P2P2P3P1 P2P2P3P1P1 P2P2P3P1P2 P2P3P1P1P1 (38) 
P2P3P1P2P2 P3P1P1P1P2 P3P1P2P2P3 P1P1P1P2P3 P1P2P2P3P1. 

For instance, assume that (P kl , . . . , Pfc 5 ) = (P2, P3, Pi, Pi, P2) (this is possible even if no element of 
Q begins with Pi,P 3 , because we have to consider the possibility of applying the right shift a finite 
number of time; in this case, since {P kl , • • • , Pfc 4 „) has been built by the juxtaposition of elements of 
Q, the last two symbols J\ tn _ 1 , Pfe 4n have to be Pi, Pi); let us check that -yU^i'— ' p k in )> e ->°> cannot 
have a collision in its third passage inside Pr(0). By construction there are pi,pio € dBn(0) such 
that 7 = j(( Pk i'---' Pk 4 n )' e '°) (up to a time translation) starts from p\ with velocity directed inwards 
Br(0), crosses 5 times Pr(0) separating the centres according to the five partitions prescribed in 
succession and arrives in pio- If 7 has a collision during its third passage inside Pr(0), the inner 
trajectory describing this third passage has to be an ejection-collision solution, so that the second and 
the fourth symbols have to be equal for a sake of symmetry, but this is not true: P3 ^ P\. A collision 
cannot occur even in the second passage: there are p_5,p6 € 9Pr(0) such that 7 starts from p_5 
with velocity directed inwards Pr(0), crosses 5 times Pfl(O) separating the centres according to the 
five partitions (P)b 4 „,Pfe 1 , . . . ,Pk 4 ) = (Pi, P2, P3, Pi, Pi) in succession and arrives inp 6 ; if 7 collides in 
C3 in the third passage, the inner trajectory describing the third passage inside P_r(0) has to be an 
ejection-collision solution, so that the second and the fourth symbols have to be equal, which is not 
true. We can iterate this line of reasoning. 

We collect the possible groups of 5 consecutive partitions in (38) in a set P 5 C P. Let us fix e g (0, e), 
pi,p w € dB R (0), (P kl ,...,P ks ) €P 5 , v' € {-v,v). Let 

B := {{p 2 , . . . ,p 9 ) G (dB R (0)) s : \p 2j - p 2j+1 \ < S, j = 1, . . . , 4}. 

As we associated to each point of D a periodic function, to each point of B we can associate a 
(non-periodic) function in the following way. For each j = 1,...,4 we can connect p 2 j and P2j+i 
with an outer solution y 2 j — y C xt(- ]P2j, P2j+i', £, v') of (15); for each j — 0,...,4 we can connect 
P2j+i and P2j+2 with an inner solution y2j+i — UP k]+l (' \P2 3 +i,P2j+2] £, v') of (26). We set ti := 0, 
t k '■= Ylj=i Pj for fc = 2, . . . , 10, where [0, Tj] is the time interval of yj. We define 



(7 



((pi>pio)i(flbi ,....5 5 ),«/) 

(j>2,...,P9) 



'Vl(t) t€[t u t 2 ] 

y 2 (t-h) te[t 2 ,t 3 ] 

(t) := <^ . (39) 

^y 9 (t -t 9 ) te [tg,*io]- 



By the definition a (P 1 > Pl °'( Fh i'---' Fk 5' E >' / (t k ^ = yy e introduce a function 

$((pi,Pi UP kl ,...,p k!; ),e,v')(P2, ■ ■ ■ ,P9) :=L V , ^[0,tioJ;o-(p 2i ... )P9 ) ) 
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Note the analogy between the definition of $ = : S((p 1 , Pl0 ),(P kl ,...,P k;> ),e.y) and F = F^p kit „ iiPkn )^yy 
The function g" is continuous on the compact set B (apply the same proof already used for the 
continuity of F), therefore it has a minimum. We denote by cr((Pi<P 1 °)>( p >°i ■■■■■^ p k 5 )^-M ) the glued function 
associated to an arbitrarily chosen minimizer. 

Let (Pfcj , . . . , Pk in ) € Q n . The following Lemma relates the minimality properties of F and of g; in 
what follows the indexes have to be considered by periodicity: for instance writing 2j + 5 we mean 
2j + 5 mod 8n. 

Lemma 6.3. Let (po,...,pg n ) 6 D be a minimizer of F^p Pki ), e ,i/) - Then, for every j = 
0, ... , 4n — 1, the point (p2j+2, ■ ■ ■ >p2j+9) € B is a minimizer of 
3((p 2:i+1 ,p 2j+10 ),(P kj+1 ,...,P kj+5 ),e,v')- In Particular 

i(iPk j+1 ,-,Pk j+5 ),sy)\[%2j,%2j+io} — ° 

Proof. It is an immediate consequence of the additivity of the functional L v i . □ 

As a consequence, the following statement can be proved applying the same argument already ex- 
plained in Remark 13. 

Lemma 6.4. Let e e (0,e). For every ((pi,Pw), (Pk t , ■ ■ ■ j -Pfe 5 )) <= (9B R (0)) 2 x V 5 the function 
a ([pi>pio),{Pki,---,Pk 5 ):e,0) j s co lli s i on -f ree during its third passage inside the ball Bp(0). 

We denote with T(a) or j , ^ Pl,Pl0 ^ Pk -L''"' Pk 5'' e ' L ' ) maximum of the time interval of 

a = a fo' Pl pl) Pkl '"' ' Ph5 ' S ' V ^ ■ We collect the boundedness properties of outer and inner solutions, see 
Lemma 3.4 and Corollary 4.11. 

Lemma 6.5. Let e £ (0,e). There are Ci,C2,C3 > such that 

^ < r r ({Pi-Pio),{Pk 1 ,---,Pk 5 ),e,v') „ 
1 — (p2,—,pg) — 2 

II {{Pi,Pio),(Pki,—,Pk 5 ),sy)u ^ n 

ll%2,...,p 9 ) \\m([0,T(a)]) < C 3 

for every ((p 2 , . . . ,p 9 ), (p llPw ), (P kl ,.- € B x (^(O)) 2 x V 5 x {-V,V). 

It is preferable to deal with functions defined in the same time interval. Therefore, for every o = 
{{pi,pio),{Pk 1 ,---,Pk b ),e,v introduce the re-parameterization v(t) := v ^ pi,pi °^^ Pk ^ '■■■' Pk ^' e ' u ) u\ _ 

(P2,...,P9) r V ' (P2,---,P9) V ' 

^.^^••"•^^(W), tet €[0,1]. 
Definition 5. We collect the "glued function" v in 

n-r f ((pi,Pio),(P kl ,---,P k5 )^y)r , \ _ 

^ := = V(p 3! ..., P9 ) for some (p2,---,pg) e 

(pi,Pio)e (0£*(O)) 2 , (P fel ,...,P fe JeP 5 , |i/|<i/}. 

For each v G we term 

0,(1,)' := /o 1 ^)- 1 . 

UN 2 
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Note that, if v(t) = a(T(a)t), then uj(v) = 1/T(a). Note also that for every e € (0,e) there exists 
C > such that |H|#i < C for every v € It follows from Lemma 6.5, taking into account 

the boundedness properties for the time intervals of inner and outer solutions. In order to work with 
sequences of functions in QT e , it is convenient to introduce some notation. Fixed (P^ , . . . , Pk 5 ) G V 5 
andee (0,e), assume that we have {{pf,...,pf)) m C B, {(pT,p? ))m C (&Bfl(0)) 2 , (i^) C {-v',v') 
such that 

(p 2 m ,...,p™)^(p 2 ,...,p 9 ) (pT,PTo)^(Pi,Pio) «4->0. 
We will use the following notations 

«™ : = «K'5rf fcl ''''' Pfc5) ' £,I/;,) w ™ : = W W ^ 4 °) 
°™ 'w^F*''"'*'^ Tm : = T(CTm); (41) 

Subscripts will be replaced by the accent^ for the function corresponding to the limit points. Recall 
that o~ m has been obtained by the juxtaposition of 

VP k]+1 (• ;P2j+i,P2j+2-,£, v'm) =■ vTj+i and y cxt (- ;p%,p% +1 ;s, v' m ) =: y%. 

Each yf is defined over a time interval [0, Tf\. There are = if < if < . . . tf < tf Q = T(a m ) such 
that <7 m (fJ?) = p^ for every k = 1, . . . , 10. We have T™ = i!^ - tf. For j = 0, . . . , 4, recall that 



V J 2j + l 



l 2j + l- 



Lemma 6.6. Let e € (0,e), (Pt,,...,?^) C? 5 . Assume that we have sequences ((p™ ,p™)) m C 
B, ((p?,P?o))m C (aS fl (0)) 2 , (O C (-!/', swcft ifcai 

Pb) (pr,Pio)-> (Pi.Pio) «4->0. 

Using the notations previously introduced, assume that exists v £ 7? 1 ([0, 1]) such that v rn — 1 u weakly 
in H 1 . Then 

((pi,Pl0),(Pfe 1 ,-,-P*. 5 ). £ . ) 
(?2,— ,Z>£>) 

Proof. Under the convergence of the ends and of i/^, , inner and outer solutions y™ are weakly conver- 
gent to inner and outer solutions yk (see Propositions 3.1 and the Continuity Lemma 6.1); the thesis 
follows easily. □ 

To each ((pi,pio), (Pki, ■ ■ ■ , -Pfc 5 )i v 1 ) G (3i?^(0)) 2 x V 5 x (— we can associate an element of 
tJJ-'e in the following way: it is well defined the function ■S({p 1 ,p 10 ),(p kl ,...,p k5 ),e,v')i and we know that 
it has a minimum. To a minimum we associated the function a^ Pl ' Pw ''^ Pk ^''"' Pk 5'' e <" which can 
be re-parametrized obtaining v^ 1 ' pw ' , ^ Pk -L'"' ,Pk 5'' e ' 1 ' \ We are ready to state the counterpart of the 
Continuity Lemma 6.1. 

Continuity Lemma Q-J- Let e £ (0,e), (P kl , . • . , Pk s ) G V 5 , (ipT,Pw)) C (<9B fl (0)) 2 and (i^) C 
(—p',9'). Let v m — v" p ™' p i°''( Fk -L'"' ,Ph z>' E '' /m > be a function ofQT e associated to a minimizer of the 
following variational problem: 
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Assume (pTjPio) ~~ ^ (Pi>Pio)> v ' m ~* 0? anc ^ w m v weakly in H . Then v is the function associated 
to a minimizer for 

min|3 r (( p 1) p lo)i( p J , i) ... i p fe5))£! o)(p2,---,P9) : (jo 2 ,...,p 9 ) G s| . 

This continuity result permits to prove the following Proposition, which is the last step in the proof 
of Theorem 1.2. 

Proposition 6.8. Let a = 1 and N = 3. Let e G (0,e). There exists v' 2 [e) such that for every 
v 1 G {—v' 2 (e), v' 2 {e)), n G N and (Pj 1 ,. ■ . ,P Un ) G Q n , the function j(( p n<'-'' P u n )< s < v ') i s collision- free. 

Proof. Let (Pj 1 , . . . , Pj 4n ) G Q n and i/ G (—£'', v'). Let us consider the restriction of 

7 = -yU^ii— ' p u-a)' e ' v ) in a time interval [si,S2], chosen in such a way that 7|[ S1 , S2 ] describes one 

passage of 7 inside Br(0). The goal is to show that 7|r Sl 82 ] is collision- free. There are 

• tk G K and p& G <9Br(0) such that 7(ife) = Pfc, for every k = 1, . . . , 10. 

. (P fcl ,...,P fe5 ) GP 5 , 

such that 7l[ti,ti ] = a^ 1 ' pl ° y >^ Pk i'-' Pk ^' e ' u ^ = a and j\[ SuS . 2 ] = c|[t 5 ,t 6 ]i where t 5 and t 6 have been 
defined in (39). This means that each passage of 7 inside <9-Br(0) is the third passage inside 9Br(0) 
of a function aC^'Pio),^,...,^),^'^ f or some Pl ,p 10 g <9P fl (0) and (P fcl , . . . , P fc5 ) G P 5 . This 
observation is the key point of the proof: it implies that our thesis follows if we show that there are 
v' 2 , P2 > such that 

min ( min \v {{p ^b)-^)^) - c fe J | > & (42) 

for every ((pi,pio), (Pfc x , • ■ .,Pfe 5 )X) G (8Br(0)) 2 x P 5 x (-f^z^); this implies that 
v ((pi, P w),(P kl ,-,Pk 5 ),ey) ( and nence ^(plpio),^..".^)^)) cannot have a collision in its third pas- 
sage inside -Br(O), independently on (pi,pio) and (Pfe l: . . . , Pfc 5 )- 

Assume by contradiction that (42) is not true. Then there are (/3 m ) C K + , (z^) C (— 
{(p?,P?)) C (dP fi (0)) 2 , ((P fel , . . . , P fc5 ) m ) C P 5 such that /3 m -> 0, v' m -> for m -> 00, and 

min | w ((pr,pro).(^ 1 ,...,P fe5 ) m ) e:,0( t )_ Ci;r | =/ 3 m Vm. 

Since V 5 is discrete and finite, we can assume (P^ , ■ ■ ■ , Pk 5 ) m — (Pki >•••■> Pk s ) for every to. Also, 
since dBn(0) is compact, up to a subsequence ~~ ^ (F11P2) G 8Br(0). We term w m = 
u ((p? n .Pio).(i\i.".,nB) m ,E,^) i The image of w m intersects the circle <9B fi (0) in 8 points (p 2 n ,...,p^) G £ 
in succession. Up to a subsequence (p™, . . . ,p™) — > (P2, ■ ■ ■ , j5g)- We observed that the set QT e is 
bounded in the H 1 norm, therefore up to a subsequence v m v G -ff 1 ( [0, 1]) weakly in iJ 1 (and 
hence uniformly). The image of v intersects the circle in the 8 points (p2, ■ • ■ ,Pq) in succession. To be 
precise 

~ _ «Px,pioUP kl ,...,P k!; ),e,0) 

V - V (p 2 ,...,p 9 ) ^yj-e, 

see Lemma 6.6. By the Continuity Lemma 6.7, the point (p2, ■ ■ ■ ,pg) minimizes ■S((p 1 ,p 10 ),(Pk 1 ,....P fc5 ).e,o) 
in B. But the uniform convergence implies that v has a collision in its third passage inside -Br(O), 
and this is in contradiction with Lemma 6.4. □ 
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3) a <E (1,2). This is the easiest case, since for every e £ (0,e), n e N, (Pj 1 , ■ ■ . , Pj n ) & V n the 
weak solution ^ P i\^--- F in)^fi) j s collision-free (Theorem 5.3 of [11])- Thus, we can simply follows the 
sketch already developed for point 1) with minor changes. 

Proposition 6.9. Let a E (1,2). Let e <G (0,e). There exists V${e) such that for every v' E 
(-p' 3 (e),D^(e)), n e N and {P n , . . . ,P jn ) £ V n , the {unction ry{( p ii,-,Pj n ),^ v ') j s collision- free. 

7 Proofs of the continuity lemmas 
7.1 Proof of Continuity Lemma 6.1 

Let ito be a minimizer of Mo in Xp lP2 ([0, 1]). We aim at proving that Mq(u) = Mq(uq). We will 
briefly write L m for L v i and M m for M U ' ■ 

The following statement is a continuity property for the functionals {M m } in the set of the minimizers 
{u m }. 

Lemma 7.1. The family {M m } m tends to Mq as m — > oo, uniformly in the set {u m : m € N}. This 
means that for every A > exists mi € N such that 

m> mi \M m (um) - M (urn)\ < A yfhe N. 

Proof. Let fh G N. For every m we have 




where C is a constant independent on m (see Proposition 4.10). □ 

We want to compare M m {u m ) with M m (uo). Because of the minimality property of u m it seems 
reasonable to think that M m {u m ) < M m (uo). This is not immediate, and not necessarily true, since 

u rn is a minimizer of M m for the fixed ends problem min{M m (u) : u € Kp 1 P2 ([0,1])}, while uo 
connects p\ and j>2- However, the fact that p™ — > p\ and — > pi suggests that maybe we can prove 
something similar (which in fact will be equation (45)). For every G dBuSfS) we consider again 

the function £r(- ;p*,p*„) which parametrizes the shorter arc of dB>n(0) connecting p* and p** in time 
1 with constant angular velocity. It is easy to check that 

VA > 3p > : \p* - < p M (Oj(- sp^jp*,)) < A, 
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so that 



VA > dm 2 € N : m > m 2 =>■ < , , _ SN (43) 

lM (Cfl(t;fe s j^))<A. 



Furthermore, the following continuity property holds true. 

Lemma 7.2. The family {M m } m tends to Mq as m — > oo, uniformly in the set {Cfl(" : 
€ <9-Br(0)}. T/iis means that for every A > exists 7713 S N swc/i i/iai 

m > m 3 |M to (Ch(- ;p*,p**)) - M (Cr(- ;p*,P**))| < A Vp*,p** e dB R (0). 

Proof. We can adapt the proof of Lemma 7.1 with minor changes. □ 

Conclusion of the proof of the Continuity Lemma 6. 1 . Because of the minimality of uq and the weak 
lower semi-continuity of Mo it results 

Mo (n ) < M (u) < liminf M (u m ). (44) 

m— > 00 

For every raeNU{0}we have 
ijj 2 

-y-|u m | 2 - ^u' m , e {u m ) = -1 a.e. in [0,1] =► V2L m (u m ) = M m (u m ), 
where w m = u>p j {p™ ,p™\ e, v' m ). The variational characterization of u m implies that 

M m (u m ) = V2L m (u m ) < V2L m (( R (- ;pT,Pi)) + V2L m (u ) + V2L m ({ R (- ;P2,P?)) 

< M m (C fl (- ;p?,Pi)) + M m (u ) + M m (( R (- ;p 2 ,P?)). (45) 

We passed to the functional L m in order to exploit its additivity property, which does not hold for 
M m . Lemmas 7.1, 7.2 and equation (43) imply that for every A > if m > max{mi, mi, m^} then 

' M m (u m ) > M (u m ) - A 

M m (C R (- ;p?,pi)) < Mo(C«(- \P?,Pi)) + A < 2A 
M m (( R (- ;P2,PT)) < M (Cfl(- + A < 2A 

l,M m (uo) < Mo(uo) + A. 

Hence, from equation (45), for every A > if m > max{mi, mi, 7713} then 

Mo(u m ) — A < Mo(mo) + 5A => limsupMo(u m ) < Ma(uo)- 

m— >oo 

This, together with (44), says that the sequence (Mo(u m )) m has a limit and M (uo) = M (u) = 
lim m Afo(wm); in particular u is a minimizcr of Mo in K P lP2 ([0, 1]). □ 

7.2 Proof of the Continuity Lemma 6.7 

Let <j = (r ((w.Pio),(fli 1 ,...,PV.), B ,o) = a^'^^ 1 '•- p '^' e ' > ) where {$2,...,%) is a minimizer of 

5 r ((pi,pio),(P fcl ,...,P fc5 ),e,o) J and let u (*) = o- (T(a t)). We aim at proving that M (v) = M (v ). We 
need two intermediate results. The first one is a generalization of Lemma 7.1 for the glued functions. 
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Lemma 7.3. Let (v m ) C QT e , where each v m is a glued function defined by (40). The family {M m } m 
tends to Mq for m — > oo, uniformly in {v m } m . This means that for every A > exists m\ £ N such 
that 

m > mi => \M m (Vfn) - Mo(vm)\ < A Vm. 
Proof. We can adapt the proof of Lemma 7.3; the only difference is that we used the uniform bounds 



\u\\r,2<R \\u\\r,2<C 



V E {u)-l>M x Vu£lM e 



Now we are considering glued functions, so we need similar properties for the function of QT e . We 
have already noticed that there is C > such that H^mllff 1 < C for every m; furthermore, 



V e (Vrn) - 1 > 



1 



(V £ (y 2j+ i) - 1) > 



4Mi 



□ 



Lemma 7.4. Let P2j>P2j+i G dBn(0) be such that \p2j — P2j+i\ < S, let (u' m ) C {—v',v') be such that 
v' m — > as tti — y oo. 

For every A > there exists m.4 = , m4,(p2j,P2j+i) G N such that 



\L V > (y ext {- ;P2j ) P2j+v,s,v' m )) ~ L ^(yext{- ;P2j,P2j+V,£,0))\ < A 



for every m € 



Proof. We will write y m instead of J/ e xt(" '■>P2j,P2j+i'i ?i v 'm) to ease the notation. Let T m be such that 
y m (T m ) = P2j+i- 



\Lfh{y m ) - Lrn(Vo)\ < 



^^Avm{t))-l\y m (t)\dt~ f yJs^Mt)) - l\yo{t)\ 



dt 



(iym(t),y m (t))dt- / (iy Q (t),y (t)) dt 



(46) 



We have already observed (Remark 7) that J^(iu,u) is continuous in the weak topology of H 1 . We 
know that y m — > yo (^-uniformly; it is not difficult to check that consequently 



y m (T m t) -> y (T t) C 1 -uniformly in [0, 1], 



(47) 



so that the second term in the right hand side of (46) tends to as m — > oo (independently on m). 
As far as the first term on the right hand side of (46) is concerned, it results 



\l®vL,e{y™{t)) ~ MVm{t)\ dt - J ^<P^ £ (y (t)) - l\y Q {t)\dt 

y/^, e {ym(T m t))-l - ^/*^, e (|/o(2b*))-l| \y m (T m t)\dt 



+ y/^Mnt)) - l\\yo(T t)\ - \Vm(T m t)\\ dt. (48) 
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The function yf is l/2-H61der continuous, so that for every m 

yJ^,e(Vm(T m t)) - 1 - yJ^MTot)) - l| \y m (T m t)\ dt 



< 



^ v 'Ay m {T m t))-l-\^ v 'e{yo{Tot))-l dt) \\y m {T m -)\\ L 2 



-°\Jo ^^ ym ( Tmt)) -®^ MTot)) \ dt ) ; (49) 

In the last inequality, we took advantage of the uniform bound for the L 2 norm of outer solutions. 
Both y m and yo are outer solutions, therefore we can exploit the fact that V e is C°° with bounded 
derivatives outside dBn(0); using also (47) and the first estimate (16), we obtain 

sup \$ vkie (y m (T m t)) - $ vkie {y (T t))\ < C(l + |*4| 2 ) sup \y m (T m t) - y (T t)\ -> (50) 
te[o,i] *e[o,i] 

as m — > oo, independently on fh (recall that < P'). Furthermore, using again (47) it is easy to 
check 



\J$^Ayo(T t)) - l\\yo(T t)\ - \y m (T m t)\\ dt -> 0, 



(51) 



as m — » oo, independently on m. Collecting (49), (50), (51) and comparing with (48) we deduce that 
also the first term on the right hand side of (46) tends to 0, uniformly in fh. □ 

Conclusion of the proof of the Continuity Lemma 6. 7. The conservation of the Jacobi constant holds 
true both for vq and v (recall that v G GJ~ £ , as showed in Lemma 6.6); using this property, the 
minimality of ao and the weak lower semi-continuity of Mo, we have 



M (v ) = L (v ) < L (v) = M Q (v) < liminf M (v m ). 

m— >oo 

We pose pi := pi and pio :— p~iQ. The minimality of (p™, ■ ■ ■ jPg 1 ) for 
S((pT,pTo)<(PH,-,Pk 5 ),ey m ) implies that 

M m (a m ) = V2L m (a m ) < ^Lm^"^'^ ft,), ' /J ) 

< V2 (L^^^'-"^^) + L m (Cn(- ;pT,Pi)) + MC«G MPTo)) 

(4 4 
L m(VP kj + 1 (' ; P2j + 1 , P2j+2;e, v' m )) + Y im(j/ext(- I P2j , P2j+l] £, v' m )) 

+ L m (C R (- ;p?,pi)) + L m (c«0 mo,P? ))) 



(52) 



(53) 



The variational characterization of yp k +1 (• JPaj^piy+i! £ j v 'n%) implies that 

L m (y Ph . +i (• ;p2 j+ i,p 2j+ 2;e,v' m )) < L m (y Ph . +i (• ;p 2 j+i,P2j+2; e, 0)). 
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Also, let us collect the uniform estimates of equation (43), Lemmas 7.2, 7.3 and 7.4: for every A > 
exists m5 := max{mi, . . . , max{m4(p2j >P2j+i) '■ j = 1) • • • > 4}} such that 

M m (v m ) > M (v m ) - A 

V2L m (( R (- < M ro (Cfl(- ;p?,Pi)) < 2A 

< V2L m (Cfl(- ;pio,p5S)) ^ M m(Cfl(- ;pio,p%)) < 2A 

L m {y cx t{- \pij,P2j + i;e,v' m )) < L m (y cxt (- ;p 2 j,p2i+i;£,0)) + A 
MmW < M («o) + A 

for every to > 7/15. Therefore, for every A > the chain of inequalities (53) gives 

/ 4 

M (cr m ) - A < V2 22L m (y Pk . +i (- ;p2j+i,p2j+2',e,0)) + 22L m (y ext (- ;p 2j ,p2 3 +i;e,0)) 
\j=o j=i 

+ (1 + V2)4X = V2L m {a ) +CX< M m (a ) + CX 

if m > 7725. With a change of variable, we can see that the previous inequality is equivalent to 

M (v m ) - A < M m (v ) + CX^ M (v m ) < M (v ) + (C + 1)A 

if to > TO5; since A has been arbitrarily chosen, it results limsup m Mo(t> m ) < Mq(vq); comparing with 
(52) we deduce that Mq(vo) = Mq(v), and the proof is complete. □ 
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